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1. Introduction 

In this paper, we show that the coefficients of the Talor expansion of Sel- 
berg integrals with respect to its exponent variables are expressed as a linear 
combinations of multiple zeta values. First object we treat is Selberg integral, 
the peirod integrals of abelian coverings of the moduli spaces of n-points in 
P 1 . Let 2 < r < n be integers, be positive real numbers. For an element 
/ ^ C[ x .- x . ]; the function on D = {x\ < x r < ■ ■ ■ < xs < £2} defined by the 
integral 



/ f\\{xj - Xi) aij dx r+1 - ■ -dx 7 



where D' = {x\ < x n < ■ ■ ■ < x r } is called a Selberg integral. It is con- 
sidered as a family of period integrals for abelian coverings of the moduli 
space of distince n-points in C. It is a function on xi, . . .,x r and exponent 
parameters cty. If r = 2, by the simple functional equation onii and X2, the 
Selberg integral is determined by its restriction to x\ = and x<i = 1. This 
restricted function on the exponent parameter ctij is called n — 2-dimensional 
Selberg integral of 0-variables. It is natural to think that this period integral 
is equipped with an arithmentic nature. 

The second object in our paper is multiple zeta value introduced by Euler. 
Let k = (fei, . . . , k m ) be a sequence of integers such that fcj > 1 (i = 1, . . . to — 
1) and k m > 2. The multiple zeta value for the index k is define by 

c( k ) = — 

ni<-<n m U l Um 

The natural number | k |= X^Li kp ^ s called the weight of the index k. The 
integer | k | is called the weight of the multiple zeta value C(k). By using 
the iterated integral expression, multiple zeta values are regarded as period 
integrals for the fundamental group 7ri(P 1 — {0, 1, 00}) of P 1 — {0, 1, 00}. (See 



§ |2.1| for the iterated integral expression of multiple zeta values.) Notice that 
the motivic weight of £(k) is equal to —2 | k |. The main theorem of this 
paper is 

Theorem 1.1. For a suitable choice of f , the degree w coefficient of the Talor 
expansion for aij of the Selberg integral of 0-variables is a linear combination 
of weight w multiple zeta values. 
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Let us illustrate a primitive example for this statement. By the well known 
equality 

logr(n-x) =7x + 2^ s 

we have 



n 

n>2 



T(l + a)r(l + P) „ C(^)K + /3 n - (a + , 
ftl + a + 0) = ^'g S >" 

In this example, we choose r = 2, n = 3 and / = a/(l — x). (See |J 
for another expression of this quantity) We can find the prototype of this 
theorem in ||. The method of the choice of / leads us to an interesting 
combinatorial problem. In this paper, we will answer to this problem. This 
choice of / happens to be equal to (3-nbc base after Falk-Terao 0. 

Let us summerize the method of the proof of the main theorem. Let 
C((X, Y)) be the formal non-commtuative free algebra generated by X and Y. 
After Drinfeld, associator Y) is defined as an element of C((X, Y)). It is 
known that the coefficient of Q(X, Y) is expressed as a Q-linear combination 
of multiple zeta values by Le- Murakami 0. 

Let Q[[cKj]] and C[[aj]] be formal power series rings with vairables oii (i G I) 
over Q and C respectively. Let p : C((X, Y)) — ► M(r, C[[oij]]) be a continuous 
homomorphism, where all the matrix elements of p(X) and p(Y) are degree 1 
homogeneous in Q[[ct!i]]. By the result of Le- Murakami, the coefficients of the 
Talor expansion of any matrix element p($>(X, Y)) are expressed by multiple 
zeta function. For any solution s of the differential equation 



we have 



X x — 1 



lim((l -x)- p(Y) s(x)) =p($(X, Y)) lim(x- p(x) s(x)). 

x — >1 x — >0 



In this paper, we construct representation p and horizontal section s with the 
following properties. 

1. All the element of lim x ^o(^ _p< ' J ' (: ' ) 'S(x)) is expressed as n — 3-dimensional 
O-vairalbe Selberg integrals by taking a limit for some of ati — » 0. 

2. All the element of lim a; ^i((l — x)~ p ^ Y ^ s(x)) is expressed as n — 2- 
dimensional O-vairalbe Selberg integrals by taking the same limit ctj — > 
0. 

For the construction of representation with these properties, we make a com- 
binatorial preparation in Section |j. The construction of p depends on the 
computation of the higher direct image of the local system on the moduli 
space X n of distinct n-points in C for the projection X n — > X n -i. This com- 
putation is executed in Section |3|. The limit for x — >• 0, x — > 1 and on — > are 
given in Section |5|. 

The author would like to thank T.Kohno for references and discussions. 
He also would like to thank M.Kaneko and H.Terao for discussions. 
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2. Preliminary 

2.1. Drinfeld Associator. In this section, we recall known facts about Drin- 
feld associator. Let R = C((X,Y)) be the completion of non commutative 
polynomial ring of symbols X, Y with respect to its total degree on X and Y. 
Let V = R. Then X and Y acts on V as the left multiplication and under 
this action X and Y are regarded as elements in Endc(V). Now we consider 
a differential form uj on C — {0, 1} with the coefficient in Endc(V) defined as 

X. Y , 

uj = — dx H ax, 

X x — 1 

where x is the coordinate of C. Let E(x) = exp( uj) be the solution of the 
differential equation for Endc(V)-valued function E(x) 

dE(x) = ujE(x) 

with the initial condition E(xq) = 1. Then by the standard argument for 
iterated integrals, exp( f x uj) is expressed as 

fX t*X fX 

(2.1) exp( / uj) = 1+ uj+ uuj-i . 

J Xo J Xo J Xo 

Here we use the convention for iterated integrals defined by the inductive 
relation 

rq r-q r-qi 

uj x ---uj n = \ (uJi(qi) / uj 2 ---uj n ). 



The expression ( pTT| ) implies, exp(JJ uj) E C((X,Y)) X and the shuffle re- 
lation for iterated integral imples that E = exp( J uj) is a group like ele- 
ment, i.e. A(E) = E®E in C((X, Y))®C((X, Y)) where the comultipication 
A : C((X, Y)) -> C((X, Y))®C((X, Y)) is given by A(X) = X®l + l(g)X and 
A(Y) =F®1 + 1®F. The set G = {A(g) = A(g)®A(g) | g E C((X 1 Y)) X } 
is called the set of group like elements and closed under the multiplication. 
By the theory of differential equation only with regular singularity, the limit 
lim x ^i exp( -^-j-dx) exp( uj) exists. In the same way, the limit 



•x 

f-0 



,u Y r x ry x 

Y) = lim exp( / dx) exp( / uj) exp( / — dx) 

x->l,y->0 J x x - 1 J y J 1 x 

exists and contained in C((X, Y)) x . $(X, Y) is called the Drinfeld associator. 
Since exp(J a; -^jdx) and exp(J ] y ^-dx) are elements in G and G is a closed 

subset of C((X, Y)) x , the limit $(X, F) is an element in G. 

We recall that the relation between multiple zeta values and the coefficients 
of the Drinfeld associator. Firstly, we recall the definition of multiple zeta 
values. Let ki, . . . , k n be integers such that ki > 1 for i = 1, . . . ,n and 
k n > 2. Set k = (fei, . . . , A; n ). The following series 

c(k) = c(fci,...,fc»)= E — - 

mi<m 2 <---<m„ I Z 11 
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is called the multiple zeta values for the index k = (fci, . . . , k n ). The number 
| k |= Y27=i ^* * s caue d the weight of the index k. Let L w be the finite 
dimensional Q vector subspace of C generated by C(k), with the weight | 
k |= w. The following iterated integral expression of multiple zeta values is 
fundamental. 

1 dx dx dx dx dx dx 
v X X j 1 — X JX ^ x y 1 — X 

h n 1 h n _ i 1 

dx dx dx 

ry ry I nn 

fci-l 

By using this expression and shuffle relation, for elements a and b in L Wl and 
L W2 , we can show that ab is an element in L Wl+W2 . Using this fact, we define 
the homogeneous multiple zeta value ring (homogeneous MZV ring for short) 
tfinC«X,Y»by 

H = (B w >0 ©VK:woid of length w on X, Y L w ■ W. 

The following proposition is due to Le- Murakami 0. 

Proposition 2.1. $(X,Y) e H. 

It is very usuful to specialize this universal result to a special class of repre- 
sentations of C((X, Y)). Let R be a homogeneous complete ring generated by 
degree 1 elements over Q, i.e. R is generated topologically by degree 1 homo- 
geneous elements at, . . . , a m with homogeneous relations and complete under 
the topology defined by its degree. The decomposition of R with respect to 
its degree is denoted by R = ®d>oRd- Let Rc be the completion of R <g> C 
with resepct to the topology defined by its degree. A ring homomorphism 
p : C((X, Y)) — > M(r, Rc) is called a homogeneous rational representation of 
degree 1 if and only if all the matrix elements of p(X) and p(Y) are degree 1 
homogeneous elements in R. The homogeneous MZV ring Hn for R is defined 
by Hr = Q)d>o(Rd ® Ld). The following corollary is a direct consequence of 
Proposition |2.1| . 

Corollary 2.2. Let p : C{{X,Y)) — > M(r,Rc) be a homogeneous rational 
representation of degree 1. Then all the matrix elements of p(G>(X,Y)) are 
elements in Hr. 

3. Selberg integral 

3.1. Combinatorial aspects. Let [n] = {l,...,n}. A graph T consisits 
of the set of vertices Vr and edges E-p. We assume that every edges have 
distinct two terminals. Moreover we assume for any two vertices p and q, 
there exists at most one edge whose terminals are p and q. An edge is written 
as (p, q), where p and q are its terminals. For a graph T, we can associate a 
1-dimensional simplicial complex by usual manner and we use the standard 
terminology connected component, tree, and so on. Moreover, if the order of 
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Er is specified, it is called ordered graph. A specified point for each connected 
components is called a root. The specified point for a connected component 
is called the root of the connected component and the set of roots is denoted 
by R — Rr- For two sets V, R such that R C V, we define Q % (V modi?) by 
A l (Q. Xv /p*fl XR ), where X v = {(xi) ieV | x t ^ Xj for % ^ j}, X R = {(xi) ieR \ 
xi 7^ Xj for % j= j}, and p is the natural projection Xy — *• X R . Then it is 
easy to see that Q# V ~# R (V mod R) is a rank 1 Ox n module generated by 
Aizv-Rdxi. For an edge e = (p, q),p, q G Vr, we define u e = d\og(x p — x q ) G 
J2 1 (Vmodi2). For an ordered tree, we define cur as cur = w er A ■ • • A cu ei in 
Q(V modi?), where -Er = {ei, • • • , e r } and e\ < ■ • • < e r . It is easy to to see 
the following lemma. 

Lemma 3.1. Assume #E = j^V — #i?. Then V is a tree if and only if 

Let R be a sub set of [n] such that {1,2} C R. We define an ordering of 
[n] by 1 < n < • • • < 3 < 2. We define by {(xi, . . .,Xi) ieR \ Xi < 

Xj for z j}- For two subsets V and i? of [n] such that i? C V, the fiber 
of the map D(V) -> D(-R) at (xi) i€ fl G D(-R) is denoted by D(V/R,Xi) ieR . 
Let ctij (z, j G V) be positive real numbers. We choose a branch of Q(V) = 
Y\i<^j( x j ~ Xi) ai ' j on D(V) with $ G R+. For an ordered rooted graph V 
whose root set is i?, we define a funciont Sp = Sr(V/R,Xi)i €R on -D(-R) as 



If i? is fixed, it is denoted by Sr- Then Sr is a function on (xi)i eR and a^j. 
The free abelian group generated by ordered rooted graphs whose root set 
and the set of vertices are R and V, is denoted by r(V, R). For an element 
7 = Xl a rT in T(V,R), we define S 7 by S 7 = ^ a rSr- The function S 1 is 
called the Selberg integral for 7. 

Before the presentation of the main theorem, we introduce several combi- 
natorial notions. For two natrual numbers n, r such that 2 < r < n, we set 
R = [r] and V = [n]. For an ordered rooted graph T, whose vertex set and 
root set are [n] and [r], we define an element r A (n + 1, i) in T([n + 1], [r]) for 
i G [n] according to the following recipe. 

1. Choose a subset A of edges which are connecting to i. (A may be an 
empty set.) 

2. Replace the number i by n + 1 for all the edges contained in A choosen 



3. Make a graph Ta by adding the edge (n+1, i) to the graph Y and extend 
the original ordering to that of the edge set of Ya such that (n + 1, i) is 
the biggest edge. 

4. Consider the sum Y2a -^a of Ya, where A runs through all the subsets 
of edges connecting to i. This summation is denoted by Y A (n + 1, 1). 

We extend the operation A(n + 1, z' n +i) from T([n], [r]) to Y([n + 1], [r]) by 
linearity. For an element 7 G r([Z], [r]) and (Z + 1, ii+i), ■ ■ ■ , (n, i n ), where 




in 1. 
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ii + i e [/],..., i n G [n — 1], we define 7 A (/ + 1, ii+i) A • • • A (n, i n ) inductively 
by 

7 A (/ + 1, A • • • A (n, i n ) = (7 A (I + 1, A • • • A (n - 1, i n -i)) A (n, i n ) 

The graph Y with Vp = R and = is denoted by 0(i2). A grpah is denoted 
by eie2 • • • e^, where the set of edges is {ei < e 2 < ■ ■ ■ < e^} . 

Example 3.2. If R = {1, 2}, i 3 = 2, i 4 = 2, i/ien 

0(i?) A (3, 2) A (4, 2) = (2, 3) A (4, 2) = (2, 3) (4, 2) + (4, 3)(4, 2) 

We state the main theorem. Let H a be a homogeneous MZV ring for 

Q((Q!i j j, C*l,fc, a 2 ,fc))3<i,j,fc<n,i#j- 

Theorem 3.3. Let = {1, 2}. For any 23 G [2], . . . , i n G [n — 1], 7 = 

0(.R) A (3, 13) A • • • A (n, i n ). Then Sj([n]/[2], 0, 1) is a holomorphic function 
on otij and an element of H a . 

3.2. Differential equation satisfied by Selberg integral. First we com- 
pute the higher direct image of the connection on the configuration space 
X n = {(x\, . . . ,x n ) I Xi 7^ Xj for i 7^ j } for distinct n-points in C for the 
morphism it : X n — > X n -\ defined by (xi, . . . , x n ) — > ( ). Let 

Aij G M(d, C) be matrices for 1 < % 7^ j < n satisfying the following rela- 
tions. These realations are called pure braid relations. 

1- A^j = Ajj. 

2. [Ajj, Akj] = for all distinct k, I. 

3. [Aij + Aj t k 7 Ai^] = for all distinct k. 

Then the matrix valued 1-form 

ui = ^2 Aijdlog(xi - xj) 

l<i<j<n 

defines an integrable connection V on = {v = l (vi, . . . , Vd)} by 

Vv = dv — ujv. 

Let v be a horizontal section of the connection V on D([n]), i.e. dv = ujv. 
For i G [n — 1], and (xi, . . . , cc n -i) G _D([n — 1]), we define Wi as 



/* Aji i 

/ 1 — vdx r 

JD([n]/[n-l],x 1 ,...,x n . 1 ) X n - Xi 



Then Wi is a function on (x\, . . . , rr n -i) G -D([n — 1]). We have the following 
proposition. 

Proposition 3.4. 1. w\ + • • • + u? n _i = 0. 

2. Let =* (wi, . . . ,w n -i). Then W satisfies the differential equation 

dw= y A '^ {dXi ~ dXj) w, 



l<i<j<n-l 
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where 



(3.1) 



A' 



A 



t-3 



Aij -\- A 7 



A r 



Proof. 1. By the equality 



dv ^ A 



l 3 ' -^m 



Aij J 



dXr 



E 



"j 



and Stokes' theorem, the equatity follows. 

2. By using the differential equation for v, we have 



d , A n j 



s i / v» . ry ry . 



A 



nj 



+ — J — + 



ry ry . ry . ry , rf . ry . ry . ry 

•^"n ^ 7 , ,. . t * > % ^ fa •J-' i ^ 7 1 ^7 



E 



| />i . /y> I [ /-y> />i . I />i . />i . ,y ry . 



By the commutativity condition of A^-, we have 



E 



* — W 3 = ^ 

k^i,j,l<.k<.n — 1 



Aifc 1 

ty fc H {(Ay + A ni )wj - A nj Wi} 



for i 7^ j. Using the relation in 1., = Ej/t,i<j<n-i d^i' and we 

obtain the statement of 2. □ 



Remark 3.5. If A^ satisfies the infinitesimal pure braid relations, then ma- 
trices A[a defined by (\3.J\) also satisfies the inifinitesimal pure braid relations 
for n — 1. Therefore the connection V' given by 

Eidxi — dxn)A\, 
- — 3 ±^W 
ry . ry . 

l<i<j<n-l J 

on (C)©^©^- 1 ) is integralble. 



Let V n be the local system of horizontal sections of the connection V 
and V n \ n -i( x o x o j its restriction of the fiber 7r _1 (x?, . . . , of 7r : 

X n — > X n _i. Then the Eular-Poincare characteristic of L-if x o o \ 
is — (rankU) • {n — 2). Therefore under certain non-resonance condition, 
dimii/" 1 (7r _1 (o;i, . . . , x^-i), V n ) is equal to rank y-(n— 2). By a direct comupa- 
tion, the submodule (M) red = {W =* . . . , | w t G C® d , Wi = 

0} comes to be a sub connection of M. = ((0® d )®( n ~ 1 \V). As a conse- 
quence, horizontal section of (A4) red is equal to the higher direct image of V 
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under the projection n. This construction is compatible with the sub local 
system in V. 

We apply this inductive formula to compute the differential equation satis- 
fied by Selberg integral. Note that the similar computation is executed in |jj 
with a different base of de Rham cohomology. Selberg integral is holomorphic 
with respect to ctij for our base. This base is nothing but the /3-nbc base 
introduced in Falk-Terao ||. 

Let R be a ring. For a set of elements a = {a pq }i< p<q < k satisfying 
the infinitesimal pure braid relation, we define a set of elements Ind(a) = 
{Ind(a) ij } 1 < i<j < k _ 1 in M(k - 1, R) by 



(, 



Ind(a; 



"'3 







\ 



CL%j ~\~ CLkj ^ki 



V o • ■ • • • • oyy 

Let 2 < r < n be integers and V r , n be a C vector space of dimension r(r + 
1) • • • (n—1) whose coordinates are given by fv +1 ,...,i„ for 1 < i r+ i < r, . . . , 1 < 



< n - 1. We define = {A ( ?)i<i<j<P for P 



n — 1 by 



A (p) = Ind(A (p+1) 



inductively by 



and AV* J = ciij. We define V kjTl valued function S^(xi, . . . ,x k ) on -D([fc]) 



(S, 



s (k) 



i fc+i, 



I>([fe+l]/[fe],*i)i6[ fc ] Xk + i-x 



—Xl v x ' 



.4 



(fc+i) 
fc+i,fc 



S (fc+1), 



x k+1 )dx k+1 \ 
. x k+1 )dx k+1 J 



for k = r, 



'r>([fc+i]/[fc],Xi) i6 [ fc ] 
n — 1 and 

S (n) = JJ ( 

l<i<j<n 

We have the following corollary of Proposition |3.4j . 

Corollary 3.6. TTie Vfe ;n valued function satisfies the following differ- 
ential equation 

ds {k) = n k s (k \ 

where O fc = Ei< kj < fc ^ ■ 

The next proposition is used at the proof of Main theorem |3.3| . 

(r) 

Proposition 3.7. Let S^ r x in be the (v+i, . . . , i n 
we have 



) -component of S( r \ Then 



p-i 



(3.2) 



0. 
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Proof. If p = r+1, then it is nothing but the first statement of Proposition 3~3. 
Suppose p > r + 1. Then (i r +i, ■ ■ ■ , i p -i)-part of is a linear combination 
of 

(3.3) I J] J] ^ (p) ^ r+1 ---dx„_ 1 



i=r+l j=r+l 

Since the set {(a£ p ,...,i„,) | =1 a i' ,...,?„ = 0} is stable under the action of 



A 



(P) 

ib > 



satisfies the relation =1 a, 



0. 



□ 



4. Combinatorial Preliminaries 



4.1. Statement of the main theorem. In this section, we present combi- 
natorial facts which is used to the computataion of Selberg integrals. Let P n 
be the non-commutative ring C[dy] with the generators (1 < i,j < n) 
and the infinitesimal pure braind relations. We define a set of matrices 
A( fc ) = {^ ) }i<i,j<fc in M(k(k + 1) • • ■ (n - 1),P„) inductively by the re- 
lations: 

A( fc ) = Ind(A( fc+1 )) 



for k 



n 



1 and A 



(n) 



We introduce the degree of P n by 



deg a^- = 1. Then the matrix elements of A\ • are degree 1 for fc 



n and 



satisfes the pure braid relations. In other words, A ring homomorphism 



M(r(r + 1) ■ ■ ■ (n — 1), P n ) is defined by attaching A 



define a vector Wk G P 7 



(4.1) 



fc(fc+l)— (n-l) 



(r) 



to Ojj G P r 



We 



/ A k + l,l 



x k+1 —x 



-Wk+1 



inductively by the relation 
\ 



4 (fe+i) 

•Xk+i—x 



-Wk+lJ 



for k 



n 



2 and 



An) 

n.n — 1 

— 1 / 



In this section, we express each coordinate of w r in terms of combinatorics 



introduced in § |3.1| . For an ordered tree V with the vertex set [k] and root set 
R = [r], we define A^ by 

1 

A P = II A vL e M (K k + 1) • • ■ (n - 1), P n ), 

i=l 

where Er = {e\ < ■•■ < ei} and = (pi,qi)- Here we use the notation 
rii=z a i = a i a i-i " " " a i i n a non-comutative ring. We define a matrix valued 
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p-k Q k 1 k 2 kjjj-q 



Figure 1. 



differential form r/r G 0([/c] mod[r]) <g> M(k(k + 1) • • • (n — l),P n ) by r/r = 
A^u>r, where up is denned in § |3.1| . For an element 7 G T([k], [r]), we define 
r/ 7 by ?7 7 = ]T r a r^r, where 7 = ]T r a r r. 



Theorem 4.1. Let its denote the (i r +i, 
w r (v+x , • • • j in) ■ Then 



)-th coordinate of w r by 



w r (i r+ i, . . . , i n )dx n A • • • A dx r+1 = r/ 7 , 
where 7 = 0([r]) A (r + 1, V+i) A • • • A (n, i n ). 

The rest of this section is spent to prove Theorem |4.1|. 



4.2. Several lemmata. Let F be an ordered graph with the root set [r] and 
the vertex set [n — 1]. The edge set is denoted by E = {ei < • ■ • < ei} 
and ei = (pi, qi). Suppose that p and q are contained in the same connected 
component. Then there exists unique path P connecting p and q in V. We 
write P = {et ± , . . . , et m }. The subgraph P looks like figure 1. 

Lemma 4.2. Let ^ G M(n — 1, P n ) be defined as in §4. i| 



1. If q-th component of 



( \ 



(4.2) 



(n-l) 



p(n-l) 



V / 



is not zero, then p and q are contained in the same connected component 
and t\ < t 2 < ■ ■ ■ < t m . 
2. Suppose that t% < ti < ■ ■ • < t m . We write vertices of the path P as 
p = ko, ki, . . . , k m = q, (see figure 1) and define Bi (i = 1, . . . , I) by 



(ifi = tj) 

+ dnqi (iftj<i< tj+i and ej ajacents to kj and put pi = kj 
a PiQi ( if tj < i < tj+i and ej does not ajacent to kj) 



-a kj , 7 



(For the second case see figure 2.) Then q-th component of (1) is equal 
to ULiBi. 



Proof. For a vector v 



n _i) G P^" 1 , we set Supp(w) = {i\ Vl ^ 0}. 
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kj=Pi 



i e t 



j+1 



1i 



Figure 2. 



1. If {i, j} n Supp(u) = 0, then Supp(Ag 



ponent of ^'v is equal to OijV k for G Supp(i> 



Supp(i>) and fc-th com- 



t-3 



2. If {i, j} n Supp(w) = {z}, then Supp(A^ %) C Supp(» U {j} and j 



th component and i-th component of X 'v is equal to —a n jVi and 
(a,ij + a n j)vi respectively. 



1-3 



Therefore if we define Si inductively by 

Si ( if e i+1 n Si 



Si+i — 



0) 



Si U {j} ( if e i+ i C\Si = {k} and e i+ i = {j, k}), 



and = {p}. Then Supp(Hi = z -^p?,?.^)^ C Si. If g G Sj, then ii < • • • < t r 
This proves (1). For (2), we can prove 



[(II 4^ 



/ o \ 



V o I 



3=3 



if tj < s < by induction on s using the infinitesimal pure braind relation 
(1) and (2). (In case s > t m and s < ti, a Uykj = a Uykm and a U)kj = a U)ko 
respectively.) This complete 2. □ 

Next we introduce an expression of 0([r]) A (r + 1, i r +i) A • • • A (n, i n ) by 
using the notion of principal graph. 

Definition 4.3. For an index set I = (i k +i, ■ ■ ■ , in), (1 < V < P ~ 1); we 

define the ordered rooted graph Pj as follows. 

1. The set of vertices is {1, ... , n}, 

2. the set of roots is {1, ... , k}, and 

3. the set of ordered edges is {(k + 1, i k +i) < • ■ ■ < (n, i n )}. 
The graph Pi is called the principal graph of I. 

Let p, q be two vertices contained in the same connected component of Pj. 
The unique shortest path connecting p, q in Pj is denoted by j{p, q) and the 
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minimal edge of 7(7?, q) is denoted by min(p, q). Then by the construction of 
the principal graph, we have the following lemma. 

Lemma 4.4. Let us write a path 7(p, 5) connecting p, q in Pi as in figure 1: 
Suppose that et s is the minimal edge of ,f y(p, q). Then t\ > ■ ■ ■ > t s < ■ ■ ■ < t m 

A graph Y is called a support of 7 = Ylv a rT, if ar 7^ 0. The set of supports 
of 7 is denoted by Supp(7). Let p,q G [n] be vertices contained in the same 
connected component in Pj. We set 7 = 0({1, . . . , k}) A (k + 1, ik+i) A ■ • • A 
(n, i n ). By the construction of 7, if V G Supp(7) and (p, 5) appeares in T, 
then (p, q) is the m-th edge of T, where e m = min(p, g). Conversely, for any 
pairs (pfc+i, <?fc+i), • • • , (Pn, ?n) such that 

1. and Oj are contained in the same connected component of Pj, and 

2. min(pj, Qj) is the j-th edge of Pj, 

ar = 1 for T = (pk+i, qk+i) • • • (jPm Qn)- We use distributive notation as 

{(Pfc+i, Qfc+l) + (Pfc +1 , Qfc +1 )}(p fc+2 , Ofc+ 2 ) • • • (Pn, qn) 
= (Pk+l,qk+l)(Pk+2, qk+2) ■ ■ ■ (Pn, qn) + (Pfc+1, 9fc+l)(Pfc+2, 9fc+2) • • • (Pn, q n ). 

Here the right hand side has a meaning as a formanl linear combination of 
ordered graphs. The following proposition is nothing but the restatement of 
the definition of A. 

Proposition 4.5. Let S l = Y.i< P<q <n, m ^{ P , q )=e l in pMq)- Then 

0({1, • • • , r}) A (r + 1, i r+1 ) A • • • A (n, i n ) = S r+1 ■ S r+2 ■ • • S n 

We finish this subsection by computing Res^^^ (ojt) for an ordered rooted 
graph T = {e r +i, . . . , e n } G Supp(7). Until the end of this subsection 
we assume V G Supp(7) and (n, k) is an edge of V. Put P_ = {/c' 
(n,k') G r,min(n, fc') < min(n, fc)} and R + = {k' \ (n,k') G r,min(n, k') > 
min(n, k)}. We meke a numbering of P+ = {/ci = i n , k 2 , . . . , k s = k} such 
that min(n, k\) > ■ ■ ■ > min(n, k s ). Set et i = min(n, ki). For the figure of 
principal graph see figure 3. If s > 2, we put P = P(T, k) the power set of 
R + — k s }. For an element p G P, we define a graph r(p) G T([n — 1], [r]) 
as follows. For i = 2, . . . , s, put m(p,i) = min{j | kj G p U < «}. 

The ti-th edge of r(p) is equal to (ki,k m ), where m = m(p,i). The j-th 
edge is the same as T if j ^ ti, n (i = 2, . . . , s). A Set of ordered graph 
{T(p) I p G P(r, k)} is denoted by P(r, k) and called the residue graph of V 
with respect to k. 

Proposition 4.6. If # \ R + |> 2, then 

Res Xn ^ Xk (u r ) = J2 (~ l )* V+lu np)- 
peP(T,k) 

Here the residue Res^^^^,. u> = n \ Xn=Xk , where u> = d\og(x n — Xk) A n. 
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k 2 k 3 k^j k=k s 



k l =i n 



Figure 3. 

Proof. We write d\og(x p — x q ) = (p, q) for short. First we prove that 
•••(£, k a -i) 

(-l) s+#p (m(p,2),fc 2 )---(m(p, S -l),A; s _i)(m(p, S ),A; s ) 

pC{fc 2 ,...,fc a _i} 

by induction on the cardinarity of {k±, . . . , k 8 -i}. By the assumption of in- 
duction for {k\, . . . k s -2}, we have 

(k,ki) ■ ■ ■ (k,k s _ 2 }(k,k s - 1 ) 

(-l) s+ * q (m(q, 2), hi)-- (m(q, s - 1), k)(k, k s ^) 

qC{k 2 ,...,k s ^ 1 } 

(-l) s+#q (m(q, 2), k 2 ) ■ ■ ■ (m(q, s - 2), k s . 2 ) 

qC{fe,...,fc s -i} 

((m(<?, s - l),k s -!)(k, k s -i) - (fc s _i,m(g, s - l))(k, m(q, s - 1)) 



and the last expression gives the expression of {k±, . . . ,k s -i}- Therefore we 
have 



Res 



(n, ki) ■ ■ ■ (n, k s ) 



£ 2), k 2 ) ■ ■ ■ (m(p, s - 1), fc a _i)(m(p, s), k s ). 

p(Z{k 2 ,...,k s - 1 } 



This implies the proposition. 



□ 



4.3. Proof of Theorem |4.1| . We prove Theorem 4J. by induction. By Re- 
mark |3.5| , the morphism 

p : -> Ind(a)y 
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defines a ring homomorphism from P n -i to M(n— 1, _P n ). We assume Theorem 



||forn-l. We define W k e 
by the relation similar to ( |4. 1| ) and 



r(r+l)— (n-l) 



for k = 1, . . . , n — 3 inductively 



— 1 ^ 1 



n-2 



^71 — 1,71 — 2 

\ a;„_2 / 

Then by the assumption of induction, 

Vi = W r (i r +i, ■ ■ • , i n -i)dx n -i A ■ • • A <ix r+ i 

for 7 = 0({1, . . . ,r}) A (r + 1, i r+ i) A • • • A (n — 1, i n _i) in P n _i <g> 12 R . Here 
W r (*r+ij • • -in-i) is the (v+i, • • • , in)-th component of W^. By applying the 
above ring homomorphism p, we have 

Piv-r) = p(W r (i r +i, ■ ■ • , i n -i))dxn-i A ■ ■ • A dx r+ i 

in M(n — 1, P n -i) <S> fii?. By the definition of uv, u; r , . . . ,i n ) is equal to 
the i n -th component of the vector 

/ Owl \ 
p(W r (i r +l, ■ ■ -,in-l)) \ 

\ Q"nn — 1 
X jx X n — i / 

Therefore by taking the residue, Res Xn ^ Xfe , it is enough to prove that 

/ \ 



p(W r (i 



r+li • • • 5 



ln-1 



)) 



Res 



V o / . 

for all k = 1, . . . ,ra — 1, where 7 = 0({1, . . . , fc}) A (/c + 1, ife+i) A • • • A (n, i n ). 
We compute the left hand side and right hand side by using Lemma [4.2| and 



Proposition |4.6| . Left hand side of (1) is expressed as a linear combination of 
rjY, where Y is a support of 7. On the other hand, the expression given in 



Proposition |4.6| gives an expression of the right hand side by a linear combi- 
nation of rjr, where Y is a support of 7. By comparing the coefficient of ujy it 
is enough to prove the following proposition. 

Proposition 4.7. Let Y C Supp(7) and k,i n be contained in the same con- 
nected component ofY. 

1. length ( k, i n ) = j^p + 1 ifY(p) = Y. Here length(fc, i n ) is the length of 
the path connecting k and i n in Y. 

2. 

n 

^-QlengtKfe,^) JJ Bi= 

i=r+l {feSupp(7)|r6i?(f,fc)} 
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were Bi is defined in Lemma \4.0\ and R(T, k) is defined in Proposition 



Proof. Let V G Supp7 and suppose R(T,k) 3 V. As in Lemma \i.2[ we 
make the numbering of the path in V from k to i n as et 1 = (n,ki),et 2 = 
(ki, k 2 ), . . . , e tm = (k s -i,k) and k s = k,k\ = i n . First we claim the set 
L = L(T) = {I | (nj) G f} contains kx,...,k s . Since Res x „^ Xfe (f ) is not 
zero, F contains (n, k), i.e. k = k s G L. If the path connecting k and i n in the 
corresponding graph T(p) is ki, . . . , k s , then p = {&2, • • • , k s -±}. Therefore 
L D {fei, . . . , fc s }. If / G L — {fei, . . . , k s } and g is a minimal element satisfying 
min(i n , /) < min(i 7J , k q ), then r(p) contins an edge (/, k q ) by the definition of 
f(p), i.e. (7, k q ) G G(r, /c, i n ), where 

G(r, /c, z n ) = {e : edge | There exists i such that e 3 ki, 

min(/c i _i,i n ) < e < min^, i n )}}. 

Therefore L — {ki, . . . , k s } C G(T, /c, i n ). 

Conversely, for any subset L of {1, . . . , n} satisfying 

1. L is contained in the same connected component of i n , 

2. L D {k\, . . . , k s }, and 

3. L — {k±, . . . , k s } C G(T, fc, i n ), 

there exists unique T(L) satisfying 

1. L(f (L)) = L, 

2. T G Supp(7), and 

3. Supp(Res x „^ Xfe (r)) 9 r. 

Therefore 



E 



_ r(L) 
{r|rei?(r,fc),reSu PP (7)} LD{fci,...,fc s },L-{fc 1 ,...,fc s }cG(r,fc,i„), 

L is contained in the same 
connected component of i n 

n 

i=k+l 



5. Proof of The Main Theorem 



□ 



5.1. Some lemmata for the assypmtotic beheaviors. In this subsection, 
we investigate the assymptotic beheavior of the solution of linear differential 
equation with regular singularity. Let A G -M(<i, O x ), where O x is a germ of 
holomorphic functions at x = 0. We are interested in the differential equation 
for r x r-matrix valued function V: 

dx 

We write A = Rx~ x + Y^Lo^x 1 , where R, Ai G M(r, C). If all the eigen 
values of R are enough small, then the solution V can be written as V = 
Fx r Cq, where F is an r x r- valued homo lorp hie function in / + xM(r, O x ), 
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and Co G GL(r, C). In the rest of this section, we assume that all the eigen 
values of R are sufficiently small positive real numbers and R is semi-simple. 
The eigen value of R is denoted by < Ai < • • • < A s . 

Lemma 5.1. Let C r = ©f =1 Wi be the eigen space decomposition of C r with 
respect to R. 

1. If Wi G Wi f then all the element a k of the vector Fx R Wi satisfies the es- 
timation | afc |<| x \ Xi c with some constant c for k = 1, . . . ,r. Moreover 
we have lim x ^o(x~ Xi Fx R u>i) = u>i. 

2. Let X > Xi. If Wi G Wi and all the elements of Fx R Wi satisfy 
| aj |< x x c with some constant c, then w = 0. 

3. Let Xi be an eigenvalue of R. Let p : Wi — > C l be a linear map and the 
composite C r — > Wi — > C l is denoted by p. Then we have 

p( lim x~ Xi Fx R w) = p(lim x~ R Fx R w) 

x— >0 x— >0 

for any w G W. 

Proof. Since F = I + xm, m G M(r, O x ), using identity lim x ^o x~ x xmx R = 
lim x ^o x~ R xmx R = 0, we get the statements. □ 

Let n, k be integers such that 2 < k < n and we define reduced part V red = 
V£ ed as in Q The restriction of A^f to V red is denoted by A^ red . For a 

subset S of [i, k], we define Ag and Ag red by 

4( fc ) - V V fc) - V A {k) 

A S ~ 2-^< ij ' S,red ~ ij,red- 

Fron now on, is sufficiently generic small positive real number. For a 
semisimple matrix A, the formal sum of eigne values of A counting their 
multiplicities is denoted by cr(A): a {A) = J2( eigen values of A). In this 
situation, the set of eigen values is denoted by Supp(cr(A)). 

Proposition 5.2. Under the notations and assumptions as above, Ag and 
Ag red are semi-simple and 

a{Af)= (^-/;|r c |)(/;|T|)a SuT , 

TC[k+l,n] 

^(4 fe L)= E (^-/-l;|r c |)(/;|T|)a SuT , 

Tc[k+l,n] 



where au = i j eU aij for a subset U c[l,n\. For a subset T C [k + l,n], 
T c = [k + 1, n] — T and I = # \ S \ — 1 and (a; b) = a(a + 1) • • • (a + b — 1) . 

To prove the above propostion, we use the following two elementary lem- 
mata. 
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Lemma 5.3. Let X be kN x kN -matrix. We assume that there exist semi- 
simple matrices B and D and matrices C±, . . . ,Ck such that 



% 

i + 1 



A 



\c k/ 



( o \ 

B 
-B 



V o J 

fC x D\ 

\C k D) 



with Supp(a(S)) n Supp(a(L>)) = 0. Then 

1. a {A) = (k-l)a(B) + a(D). 

2. (k—l)N -dimensional subvector space V red = {(i>i, . . . , Vk) \ v% G C^, ^ Vi 
0} is stalbe under the action of A. Let A red be the restriction of A to 
V red . Thena(A red ) = (k-l)a(B). 



Lemma 5.4. Let a,ij G P k and set Aij = Ind(a)y for l<i<j<k— 1, 

A [l,k-1] = Y^l<i<j<k-l A ij> a [l,k-l] = J2l<i<j<k-l a ij an da[l,k] = Y^l<i<j<k a ij- 

Then we have 



A[i,k-i] 



i 

i + 1 



\0j 

( afci \ 

A[i,k-i] 

\a k -ij 



( o \ 



a [l,k] 
~ a [l,k] 



V o I 

( «fcia[i,fc-i] 

\«fcA;-l«[l,fc-l] 



Proof. The first equality follows from the expression 



A[i, k -i] 



f a [i,k-i] + J2j^i a k,j -a/ci 

— Gfc2 a [l,k-l] + a kj ■ ■ 

—a-k3 -«fc3 



\ 
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The second equality is obtined directly by the equality 



A 



( Ofcl ^ 






\&kk-\) 




yikk-idij/ 



□ 



Proof, (of Proposition 572) We prove the proposition by induction. By two 
lemmata, we have 



a(4 fc) ) = (k - 0a(4 fc+1) ) + WA%+# +1} ) 



S.red' 



red' ' 



using homomorphism _p( fc+1 ) — > M ((k+l)(k+2) ■ ■ ■ (n— 1), C) and assumption 
of independence of a^ . 



□ 



5.2. Relation between Selberg integral and Drinfeld associator. In 

this section, we will compare vectors whose elements are given by Selberg inte- 

A (k) 

grals with the Drinfeld associator. Let n > 3 be an integer and we define A- 

as in B We set V = v 3,n = C 3 ' 4 -^" 1 ). Let S = S([n\/[3\,x h X2,x 3 ,a ij ) 
be a V-valued function on xi, X2, x 3 whose (£4, . . . , £ n )-component is given by 



S, 



0({l,2,3})A(4,i 4 )---(n,v, 



,([n]/[3],xi, x 2 , x 3 , a>ij). Then S satisfies the differential 



equation 



dS = (A^d\og(xi — xs) + A^s d\og(x2 — x 3 ))S. 



We set S(xs) = S([n]/[3], 0, 1, X3). Then S satisfies the equation 

dS , ( 3 )dX3 , (3) <fa?3 



dec? 



f/lWZZ -I- /1 ( 



)S. 



Therefore by considering the rational representation p of degree 1 
C((X,Y)) -> M(3-4---(n- 1), Q[[o^]]), we have 



l( 3 ) ~ 



1 (3) _ 



lim(l -x 3 )" A23 ^(xa) =p($(X,F)) lim x 3 13 5(x 3 ). 
We have the following lemma. 

Lemma 5.5. 1. For any £4, . . . , i n , we put 7 = 0({1, 2, 3}) A (4, £4) A 
(n, £ n ). XTien for a sufficiently small X3, we have an estimation 



A 



(5.1) 



5 7 ([n]/[3],0,l,x 3 ) |<ca£— 



/or some constant c. Here a r 

El<i<j<n,ij/2 a ij °f ^13 ' 



£s the maximal eigenvalue 
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2. For T G r([n], [3]), 

lim Xs amax Sr([n\/[3},0,l,x 3 ) 

Sr>([n] — {2}/{l, 3}, 0, 1) (if there is no edges containing 2) 
(otherwise) 



Here V G T([n] — {2}, {1,3}) is the ordered graph obtained by deleting 
2 from the graph F. 

Proof. By Proposition [O], we have a max = J2i<i<j< n ,i,j^2 a ij- To P rove tne 
statement, it is enough to prove that 

( »•• - )• )"■/ 



^j) |a;i=0,x2 = l 



D l<i<j<n 



satisfies the estmation of ( |5Tl| ) for an ordered rooted tree V with the root set 
[3] . We change variable by x p = ^ p x 3 for p = 4, . . . , n. Then 

(5.2) 

^=± n d f< - n ^k.(i +0( i)). 

(pi,qi)eE r , not adjacent to 2 Pi Qi (p i> 2)£B r 

and 

n ( Xi - Xj )^= n ^-^.^(1+0(1)). 

Here we put £3 = l,£i = 0. In particular, lim X3 ^ ^3 amax f D $wr = 
if r contains an edge adjacent to 2. The signature in ( |5.2|) arise from the 
subtutition for separating edges of V adjacent to 2 and those does not adjacent 
to 2. If T contains no edges adjacent to 2, we get the second statement. □ 



From Lemma |5.1| , we have the following corollary. 

_ A (3) _ 

Corollary 5.6. The (24, . . . , i n )-th component o/lim X3 ^o £3 13 S(x 3 ) is equal 
to 5 7 ([n] - {2}/{l, 3}, 0, 1) if i p ^ 2 for p = 4, . . . , n, where 7 = 0({1, 3}) A 
(4, 14) A • • • A (n, i n ) and otherwise. 

Proof. By the definition of 7 = 0([3]) A (4, i 4 ) A • ■ ■ A (n, z n ), if i p = 2 for some 
p, then any T G Supp(7) has an edge adjacent to 2. If i p 7^ 2 for all p, then 
any T G Supp(7) contains no edges adjacent to 2. Therefore the statement 
follows from Proposition [575|. □ 

Next we consider the assumptotic beheavior for #3 — > 1. Let / be the set 
{(24, . . . , i n ) I i p 7^ 2, 3}. By the definition of the projection p : V — > 
to J-th coordinate factors through «23 eigen projection. Therefore we have 

p( lim (1 - x 3 )~ A ™ S(x 3 )) = p( lim (1 - x 3 )~ a23 S(x 3 )). 



by Lemma |5.1|. On the other hand, it is easy to see the following lemma. 
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Lemma 5.7. IfY contains no edges containing 2 and 3, then 

lim (1 - x 3 )- Q23 Sr(H/[3], 0, 1, x 3 ) = S r >([n] - {3}/[2], 0, 1, a' tJ ) 

where V is the ordered graph obtained by deleting 3 from the graph Y , and 
otij = a'^ if i,j ^2 and a' 2j = «2j + <%3j- 

— (3) — 

Definition 5.8. The vector lim X3 ^ x s 13 S(xs) andlim X3 ^i(l—xs)~ A23 S(xs) 
is denoted by V^- 1 ' and respectively. Then we have 

(5.3) p{V {2) ) = p(p($(X, F))yW) 

By Lemma |5.7| , the (14, . . . , i n )-th component of with i p 7^ 2,3 is 
equal to iS 7 (0, 1, a^), where 04 ■ = ctij if «,j / 2 and a' 2 j = a-ij + «3j, where 
7 = 0({1, 2}) A (4, 14) A - ■ - A (n, i n ). We compute the limit of all the component 
of for the limit a^i — > 0. For this purpose, we compute lim a3 .^ Sy(ajj) 
for 7 = 0({1, 3}) A (4, 14) A • • • A (n, i n ) with z p 7^ 2, in the next subsection. 

5.3. Limit for — > 0. In this subsection, we change numbering from that 
of the last subsection. Let V be an ordered graph with the root set [2] and 
vertex set [n]. We set $ = n^iO*^ — Xj) aij , and 

S(aij) = / Vr$- 

J D([n}/[2],0,1) 

Before proving Proposition |5.10| , we remark the following lemma. 

Lemma 5.9. Let F(x) be a continuous function defined on (p, 1]. Suppose 
that F(x) is integralble on (p,p + e]. Then we have 

lim f a{l-x) a - l F(x)dx = F{l). 
Proof. This is the fundamental property of 5-function lim a ^o cx{l—x) a ~ 1 . □ 

Proposition 5.10. 1. If hm a2i ^o S(aij) 7^ 0, then (1) Y contins no edges 
adjacent to 2, or (2) (2,3) is a unique edge adjacent to 2. 
2. 7/(2, 3) is a unique edge in Y adjacent to 2, then lim a2 .^ S[ a ij) i> s equal 
to 5r'(a4j), where Y' is the ordered graph obtained by deleting the edge 
(2, 3) and replace the numbering 3 of original edge by the new numbering 
2 and a'^ = ifi,j 7^ 2 and ct 2 k = o,s,k- 

Proof. Suppose that Y contains an edge adjacent to 2. Let p < 3 be the 
minimal number such that (2,p) is an edge of Y. Set 

F^Xpj ■ • • , 3^n) J J dpq W (^i ^ j ) J J 

(pq)eE r ,^(2,p) l<i<n,p<j<n,i<j,(i,j)^(2,p) 

/ j I ( X i ~ X j ) ^ +£lJ dx P~l • ■ ■ dx 3 > 

i{x p <---<x 3 <l} l<i<j< p _l 
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where = —1 if is an edge of V and otherwise. Then 

lim S r = F(x p ,...,x n )a 2 p(l-x p ) a2p ~ 1 . 

Q 2 P ^0 J{0<x n <-<x p <l} 

Therefore if p ^ 3 or there exist at least tow p such that (2,p) is an edge of 
r, then Sr = 0. If p = 3 and there is no edge adjacent to 2 other than (2, 3), 
then lim a23 ^o Sr = Sr'(a'ij)- □ 

We define S^(aij) by Yl a rSr(otij), where 7 = ^arT G T([2], [n]). 

Corollary 5.11. Let 7 = 0({1, 2}) A (3, i 3 ) A • • • A (n, i n ) . 

1. if t/iere exists 7^ 3 snc/i that ik = 2, £/ien lim a2i ^ S 1 (a{j) = 

2. If 13 = 2 an<i ik ^ 2 for k ^ 3, £/ten 

lim S~(aij) = Sy (ctL), 
where 7' is 0({1, 3}) A (4, z 4 ) A • • ■ A (n, i n ) . 



Proof. (Proof of the Main Theorem |3.3|) We can proceed by the induction 
on n. We consider the limit of ( |5.3| ) for asi ~~ > 0. Then all the entries of 



\im a3i ^o(p($(X,Y))) are contined in H a by Corollary |2~2| . By Corollary 
5.11] , all the entries of lim Q3 .^o are contained in H a . Therefore all the 



entries of lim a3i ^op(^ ' 1 ) are also contained in H a . Therefore 5 7 (0, 1, atij) is 
an element of H a for 7 = 0({1, 2}) A (3, 23) A ■ • • A (n, z n ) under the restriction 

(R) : i k ^ 2 for all k. 
On the other hand, by the relation ( |3.2|) , the restriction (R) is not necessary. 
This completes the main therem. □ 
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